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Abstract
We propose various properties of renormalization group beta functions for vector
operators in relativistic quantum field theories. We argue that they must satisfy
compensated gauge invariance, orthogonality with respect to scalar beta functions,
Higgs-like relation among anomalous dimensions and a gradient property. We fur-
ther conjecture that non-renormalization holds if and only if the vector operator
is conserved. The local renormalization group analysis guarantees the first three
within power counting renormalization. We verify all the conjectures in conformal
perturbation theories and holography in the weakly coupled gravity regime.
1 Introduction
The introduction of the renormalization group beta function in quantum field theories
was one of the major triumphs in theoretical physics. It has enabled us to understand the
high or low energy universal behavior of the quantum field theories. It has revealed the
zero-charge problem in QED or φ4 theory in d = 1+ 3 dimension, asymptotic freedom of
QCD, possibilities of grand unification, the universality of the critical phenomena and so
on.
In this paper, we study the renormalization group beta functions for vector operators.
The background source for the vector operators breaks Poincare´ invariance explicitly un-
like the scalar coupling constant, but the importance of such symmetry breaking has
been understood not only in condensed matter systems but also in high energy physics
or cosmology. The introduction of temperature and chemical potential are nothing but
such deformations, and our Freedman-Robertson universe has a preferred “time” direc-
tion. The anomalous dimensions of vector operators will be important to understand the
renormalization of the (partially conserved) vector operators such as vector mesons in
QCD. The introduction of the background vector fields also play crucial roles in preserv-
ing supersymmetry in curved background in applications to twisting and localization. In
all these cases, the vector beta functions govern the renormalization properties of such
anisotropy.
While eventually one should compute the vector beta functions in each models either
perturbatively or non-perturbatively, our approach in this paper focuses on the general
properties. We claim various model independent properties of the vector beta functions.
One may be able to check our proposals in concrete models such as our standard models.
To show the validity of our general argument, we give the first principle derivation of some
of the proposals based on the local renormalization group analysis. In complement, we
present the checks of all the proposed properties in conformal perturbation theories and
holography. Note that conventional perturbation theories around Gaussian fixed point
is just one example of conformal perturbation theories. The holographic dual may be
regarded as the strongly coupled limit.
One important tool to formulate and derive these properties of vector beta functions is
the local renormalization group analysis [1][2]. We uplift all the “coupling constants” into
space-time dependent background fields. We will see that main source of the vector beta
1
functions come from the space-time dependent “coupling constants”. The renormalization
group flow of these space-time dependent coupling constants is governed by the local
renormalization group transformation and the local renormalization group equation (a.k.a.
local Callan-Symanzik equation). The consistency condition for the local renormalization
group flow is non-trivial, which give certain integrability conditions on the beta functions.
The local renormalization group together with large N behavior of correlation func-
tions of d-dimensional quantum field theories give birth to the holographic interpretation
from the d+ 1 dimensional space-time, which was emphasized in [3][4]. One of the prop-
erties of the vector beta functions we propose, i.e. the gradient property is motivated by
the observation that the gradient property is crucial to remove the so-called scale reversal
symmetry breaking term in the bulk, pushing it to the boundary contributions [4]. This is
actually closely related to the integrability conditions on the local renormalization group
which we mentioned above. We believe that the existence of such non-trivial properties of
beta functions may explain the nature of the space-time realized in holography e.g. why
we have space-time diffeomorphism or why time is different from space and so on.
The organization of the paper is as follows. We begin with the definition and the
properties of the vector beta functions in section 2. We give arguments for the proposed
properties from local renormalization group analysis. Some of the claims still remain
conjectures. In section 3, we give checks of all the conjectures in conformal perturbation
theories and holography. We explain the computation of the vector beta functions from
holography in detail. In section 4, we give further discussions on the vector beta functions
with possible applications.
2 Properties
The vector beta function is defined as a response of the vector field source in the effective
action at energy scale µ with scalar coupling constants gI and the vector source aaµ
Seff [X, g
I , aµ;µ] = S0[X ] +
∫
ddx
(
gIOI + a
a
µJ
µ
a +O(a
2
µ)
)
(1)
under the renormalization:
daaµ
d logµ
= βaµ , (2)
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which is analogous to the scalar beta functions
dgI
d logµ
= βI . (3)
Here the notation might suggest X are fundamental dynamical fields and OI and Jaµ are
composite operators that can be constructed out of X , but such microscopic Lagrangian
formulation may not be necessary in the following argument. We also note that the
definition of the effective action beyond the linear order in aaµ and other coupling constants
gI is non-universal e.g. by seagull terms, and it can be scheme dependent in relation to
contact term ambiguities. As in the scalar beta functions, these scheme dependence will
affect the apparent value of the vector beta functions, but the physical predictions and
the certain structures should remain invariant. This is nothing but the philosophy of the
renormalization.
In order to understand the properties of the vector beta functions βaµ better, we would
like to introduce more structures. First of all, we place the theory on a curved space-time
with generic metric gµν(x). Secondly, we make source fields, such as vector source a
a
µ
as well as scalar source gI , space-time dependent (i.e. the source terms now look like∫
ddx
√
g(x)
(
gI(x)OI(x) + a
a
µ(x)J
µ
a (x) + · · ·
)
in the effective action). There is some ar-
bitrariness in this procedure at the non-linear level and/or higher derivative level, which
is again related to the scheme dependence. When necessary we discuss the scheme de-
pendence and ambiguities below.1 Once the scheme is fixed, one may define the operator
insertion from Schwinger’s quantum action principle
〈OI(x)〉 = − δW
δgI(x)
〈Jµa (x)〉 = −
δW
δaaµ(x)
〈Tµν(x)〉 = −2 δW
δgµν(x)
, (4)
where, in Lagrangian field theories, Schwinger’s source functional can be represented as
the path integral form:
eW =
∫
DXe−Seff [X,gI ,aµ,gµν ;µ] . (5)
1A systematic classification of scheme dependence and anomaly in local renormalization group analysis
in d = 3 was done in [5]. For d = 2 and d = 4, we refer to [1][2].
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Again, as long as Schwinger’s quantum action principle holds, the expression (5) is not
necessary. At this point, we note that we work in Euclidean field theories for definiteness
but our argument should apply in Lorentzian signature as well. The path integral over
X and Schwinger’s source functional W should be regarded as a renormalized one, and
(4) always gives a finite result. In the actual renormalization procedure, we may need
more counter-terms than those necessary in conventional renormalization in flat space-
time with constant coupling constants [6], one of which is nothing but the vector beta
functions as we will see below. If we want to compute the multiple insertions of operators,
we do have to be careful about the contact terms, which we will discuss later in relation
to the anomalous dimensions.
Once the metric as well as source fields are space-time dependent, it is more natural
to consider the space-time dependent renormalization group transformation rather than
the space-time independent change of scale. Such space-time dependent renormalization
has a close connection to the Weyl transformation of the metric gµν(x) → e2σ(x)gµν(x)
generalizing the rigid dilatation transformation with constant σ.
The response to the Weyl transformation is summarized in the trace of the energy-
momentum tensor as
T µµ = β
IOI + β
a
µJ
µ
a +Dµ(v
aJµa ) + Aanomaly . (6)
Here Aanomaly is the trace anomaly that only depends on the source fields.
2 Or equivalently,
from Schwinger’s action principle, the trace identity (6) is equivalent to the claim that
Schwinger’s source functional W in (5) is annihilated by the local renormalization group
operator
∆σ =
∫
ddx
√
g
(
2σgµν
δ
δgµν
+ σβI
δ
δgI
+ (βaµ − (∂µσ)va)
δ
δaaµ
)
(7)
up to the Weyl anomaly given by a local functional of the source fields.
One may note that under the non-constant Weyl transformation, the renormalization
of the vector source may contain the additional term that is proportional to the deriva-
tive of the Weyl generator or the space-time dependent renormalization scale as can be
seen from the term Dµ(v
aJµa ) in the trace identity (6) or the last term in (7). This
2The form of the anomaly term is not important for the most of our studies. One may find the detailed
form in [1][2] for d = 2 and d = 4, in [5] for d = 3 and in [9] for d = 6.
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did not appear in (2) since for the constant scale transformation, it just gives a total
derivative contribution to the renormalized action. Such a contribution to the trace of
the energy-momentum tensor is known as the virial current and it plays a central role in
the distinction between scale invariance and conformal invariance (see [7] and references
therein).3
Before going on, while our definitions of the beta functions are applicable in Wilsonian
renormalization group and we believe the properties we will discuss in this paper are more
or less true there with minor modifications, we work in the power-counting renormalization
scheme, where gI are “dimensionless” or “marginal” coupling constants. In practice, our
discussion covers most of the situations when beta functions are meaningfully calculable.
They contain any perturbation theories, weakly coupled holography, and supersymmetric
field theories. After all the usefulness of the philosophy of the Wilsonian renormalization
group is that we can only keep the marginal or relevant operators in the far infrared to
deduce the universal structure of the systems. The inclusion of relevant deformations
such as mass operators are possible along the line of the discussions [1][2][5] with certain
amount of additional complexity that will not affect the most of the discussions and we
will mostly suppress. At one point later in section 2.2, however, we will discuss the
possible mixing of vector operators with derivative of other relevant operators because
our interest is how the vector operator evolves under the renormalization group flow and
it is important to learn that there exists a scheme where we can tame such mixing.
2.1 Conjectures
The properties of the scalar beta functions have been much studied in the literature.
One of the most important one would be the generalized gradient flow. It is conjectured
[10][11] that the scalar beta functions are generated from the potential function aˆ(g) as
βI = χIJ
∂aˆ(g)
∂gJ
. (8)
It was originally understood that χIJ , which may depend on the coupling constant gI ,
is positive definite symmetric matrix interpreted as a “metric” on the coupling constant
space, but the more general argument allows non-symmetric part [1][2]. Moreover, we
3This is because such contributions are not affected by the constant scale transformation, but they
may jeopardize the special conformal transformation since the integration by part is not possible.
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would be careful about the meaning of the scalar beta functions when the theory contains
vector operators and the beta functions can be ambiguous, which we will come back in a
moment.4
To understand the intrinsic physics, we note that in d = 2 and d = 4, it was argued
that aˆ(g) is related to the coefficient of the Euler term in the Weyl anomaly when we
evaluate it at the conformal fixed point. As a consequence, the generalized “c-theorem”
[11][12] follows from (8) by using the renormalization group invariance of Schwinger’s
source functional d
d log µ
W = βI∂IW for the flow induced by the scalar coupling constants.
The gradient formula (8) together with the claim that aˆ(g) does not depend explicitly on
µ implies
daˆ(g(µ))
d logµ
= χIJβ
IβJ (9)
under such a flow. In particular, when χIJ is positive definite, the flow is monotonic.
Our main focus of this paper is the properties of the vector beta functions. We claim
that the vector beta functions satisfy the following properties: (i) compensated gauge
invariance, (ii) orthogonality with scalar beta functions (iii) Higgs-like relations among
anomalous dimensions, (iv) gradient property and (v) non-renormalization for the con-
served current. To make the statement unambiguous, we need to fix the renormalization
group scheme.
(i) Compensated gauge invariance
The renormalization group invariance of Schwinger’s source functional means that
generically, the vector beta functions must be expanded as
βaµ = ρ
a
I (aµ, g)∂µg
I + λab(g, aµ)a
b
µ . (10)
If we assume the power-counting renormalization scheme, ρaI and λ
a
b cannot depend on
either derivatives of gI or the vector source aaµ.
In order to state the compensated gauge invariance of the vector beta functions, we
assume that the coupling constants gI form certain representations of the compensated
symmetry group G generated by Jµa . The broken conservation means that we assume the
operator identity
DµJ
µ
a = habT
bI
Jg
JOI . (11)
4More precisely, the gradient formula works for the gauge invariant BI function which we will define
around (15).
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As a consequence, Schwinger’s source functional must be invariant under the compensated
gauge transformation
gI → gI + (habωaT bIJgJ)
aaµ → aaµ +Dµωa (12)
for any Lie algebra element wa ∈ g. Here, Dµωa = ∂µωa + abµfabcωc is the covariant
derivative. When non-zero, hab can be set to be δab by rescaling the source fields. We
therefore regard aaµ as a connection of the compensated gauge group G.
Going back to the vector beta functions, the compensated gauge invariance (together
with the power-counting) requires that the two terms in (10) are combined into the co-
variant derivative
βaµ = ρ
a
I (g)Dµg
I (13)
where gI transforms as a certain representation of the group action G, and DµgI =
∂µg
I + aaµhabT
bI
Jg
J is the corresponding covariant derivative.
Due to the compensated gauge invariance, the meaning of “coupling constants” and
therefore beta functions can be ambiguous. In order to state the properties of the vector
beta functions without such ambiguities, we will fix the gauge by demanding that there
is no virial current contribution to the trace identity:
T µµ = β
IOI + β
a
µJ
µ
a +Dµ(v
aJµa ) + Aanomaly
= BIOI +B
a
µJ
µ
a + Aanomaly , (14)
where the scheme invariant quantities BI and Baµ are defined as
BI = βI + (habv
aT bIJg
J)
Baµ = ρˆ
a
IDµg
I = (ρaI + ∂Iv
a)Dµg
I . (15)
For the consistency of (11), gauge transformation and local renormalization must commute
[2] so that BI and Baµ should transform covariantly under the gauge transformation (12).
The renormalization group scheme for the gauge dependence is thus fixed, and we hereafter
assume that the renormalization of scalar and vector sources are defined with respect to
BI and Baµ unless otherwise stated. However we emphasize that if we compute the new
functions BI and Baµ from the right hand side of (15) from β
I , βaµ and v
a given in any
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gauge, it results in the gauge invariant quantities, and the physical predictions such as
the existence of the conformal fixed point do not depend on the gauge we choose.
(ii) Orthogonality
Vector beta functions are orthogonal to scalar beta functions
ρˆaIB
I = 0 . (16)
When applied in perturbation theories, this constraint should hold order by order in
perturbation series, which gives an infinite set of relations among Feynman diagrams
with number of different loops and topology.
(iii) Higgs-like relation between anomalous dimensions.
The anomalous dimension of the scalar operator OI is determined from the scalar beta
functions as well as vector beta functions as
−γIJ = ∂JBI + (habρˆaJT bIKgK) . (17)
More precisely, when the coupling constant is position dependent, there is a further mixing
to the vector operators
d
d logµ
OI = γ
J
I OJ − (∂I ρˆaJ)DµgJJµa . (18)
Similarly, the anomalous dimension of the vector operator Jµa is given by
−γab = ρaIhbcT cIJgJ . (19)
There is no additional mixing for the vector operator when the scalar source is position
dependent
d
d logµ
Jµa = γ
b
aJ
µ
b . (20)
In these expressions, we have assumed that mixing to lower dimensional operators
are absent. Possible additional mixing of the scalar operator to the second derivative of
relevant operators e.g. DµDµO(M) will be discussed in section 2.2. The mixing of the
vector operator to the derivative of relevant operators can be removed by a scheme choice
as we will also discuss in section 2.2.
(iv) Gradient property
8
Vector beta functions are generated by a (generalized) gradient flow from the gauge
invariant local functional Svector[aµ; g
I ] as
Baµ = ρˆ
a
IDµg
I = Habgµν
δSvector[aµ; g
I ]
δabν
, (21)
where Hab in general may contain anti-symmetric part. This is the analogue of the
gradient flow of the scalar beta functions quoted at the beginning of this section.
(v) Non-renormalization when Jaµ is conserved.
Vector beta functions vanish if and only if the corresponding current Jaµ is conserved.
From the property (iii), it is equivalent to vanishing of anomalous dimensions for Jaµ .
2.2 Argument from local renormalization group
We are able to derive some of the properties of the vector beta functions proposed in the
last section within the power-counting renormalization scheme from the local renormaliza-
tion group analysis. We will show that they are a consequence of the local renormalization
group equation and the integrability condition. This is similar to the situation for the
scalar beta functions, whose properties such as the gradient flow can be derived from the
local renormalization group analysis within the power-counting renormalization scheme
in even space-time dimensions.5
We begin with Schwinger’s source functional. We assume the power-counting renor-
malizability so that the renormalized Schwinger’s source functional is annihilated by the
local renormalization operator
∆σ =
∫
ddx
√
g
(
2σgµν
δ
δgµν
+ σβI
δ
δgI
+
(
σρaIDµg
I − (∂µσ)va
) δ
δaaµ
)
. (22)
up to the Weyl anomaly if exists, which is given by a local functional constructed out of
the source functions. We may introduce the dimensionful coupling constants here, but the
following discussions will not change very much. If necessary, we will make a comment
on the effect of dimensionful coupling constants below. The invariance of Schwinger’s
source functional under the local renormalization group (up to anomaly) corresponds to
5For scalar beta functions, it seems likely that the same properties should be true also in odd dimen-
sions. We have not found any counterexamples as far as the author is aware of. We do not make any
particular mentioning of dimensionality for vector beta functions.
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the trace identity
T µµ = β
IOI + (ρ
a
IDµg
I)Jµa +Dµ(v
aJµa ) + Aanomaly . (23)
Let us consider the property (i) gauge invariance. This essentially follows from the
definition of Schwinger’s source functional because the operator identity that characterizes
the non-conservation of the current operator
DµJ
µ
a = habT
bI
Jg
JOI (24)
means Schwinger’s source functional must be invariant under the compensated gauge
transformation6
gI → gI + (habωaT bIJgJ)
aaµ → aaµ +Dµωa . (25)
If the divergence of the vector operator Jµa is additionally given by the relevant operators
e.g. M iO
(M)
i , one may simply add further gauge transformations of M
i.
M i →M i + (habωaT bijM j) , (26)
where again we assume M i forms a certain representation of G with the representation
matrix T aij .
Since the energy-momentum tensor is gauge invariant, the vector beta functions must
be constructed out of the covariant derivatives of the coupling constant from the assump-
tion of the power-counting. The only available possibility is
Baµ = ρˆ
a
IDµg
I . (27)
This is the proposed form for the vector beta functions.
In order to derive (ii) the orthogonality condition, we need to discuss the integrability
condition of the local renormalization group operator on Schwinger’s source functional.
6A part of the anomaly effects can be encoded here. For instance, the axial anomaly can be compen-
sated by shifting the θ angle as a part of the transformation (25). In such cases, the covariant derivative
is given by the Stuekelberg form ∂µθ + Aµ. Similar situations occur when the current non-conservation
is not directly related to the introduction of the coupling constant (e.g. higher dimensional irrelevant
vector operators).
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The local renormalization group transformation is Abelian, so the integrability condition
demands
[∆σ,∆σ˜] = 0 . (28)
This is known as Class 1 consistency condition in the classification of the consistency
conditions from the local renormalization group analysis in [5].7 For this to be satisfied,
we have to demand [1]
∫
ddx
√
g(σ∂µσ˜ − σ˜∂µσ)BI ρˆaI
δ
δaaµ
= 0 , (29)
or
BI ρˆaI = 0 , (30)
This is the derivation of the orthogonality properties of the vector beta functions. The
property played an essential role in deriving the gradient flow of the scalar beta functions
in even dimensions [2], but this orthogonality itself is true in any space-time dimensions.
To obtain (ii) the relations with anomalous dimension, we first derive the Callan-
Symanzik equation for the correlation functions by further deriving Schwinger’s source
functional with respect to gI(x) and aaµ(x). After setting Dµg
I = 0 with aµ = 0 and
integrating over the space-time to get rid of one delta function, it gives
(
∂
∂ log µ
+BI
∂
∂gI
)
〈OI1(x1)OI2(x2) · · ·Jµa1(y1)Jµa2(y2) · · · 〉
= γJ1I1 〈OJ1(x1)OI2(x2) · · ·Jµa1(y1)Jµa2(y2) · · · 〉+ γJ2I2 〈OI1(x1)OJ2(x2)Jµa1(y1)Jµa2(y2) · · · 〉+ · · ·
+ γb1a1〈OI1(x1)OI2(x2) · · ·Jµb1(y1)Jµa2(y2) · · · 〉+ γb2a2〈OI1(x1)OI2(x2) · · ·Jµa1(y1)Jµb2(y2) · · · 〉+ · · ·
+ contact terms . (31)
up to contact terms with extra delta functions. Here, the anomalous dimension matrix
for the scalar operator is given by
−γIJ = ∂JBI + (habρˆaJT bIKgK) , (32)
7Let us recapitulate the classification. Class 1 consistency condition is the requirement of the inte-
grability of the local renormalization group operator itself and it has no essential dependence on the
space-time dimensionality d. Class 2 consistency condition is the condition on the anomaly and the
precise form depends on d.
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whose origin can be seen by applying δ
δgI
to the local renormalization group operator. In
particular, we note that the second term comes from the vector beta functions. Similarly
the anomalous dimension matrix for the vector operator is given by
−γab = ρaIhbcT cIJgJ , (33)
whose origin can be seen by applying δ
δaaµ
to the local renormalization group operator.
We have called it the Higgs-like relation, which will be more manifest in the holographic
construction. At the conformal fixed point, what is happening here is the branching of a
spin one long representation into a spin one short representation (conserved current) and
a spin zero long representation (scalar with dimension d).
One may actually keep the coupling constant space-time dependent in the above vari-
ation, and the extra variation means that the complete renormalization of the operator
should be
d
d logµ
OI = γ
J
I OJ − (∂I ρˆaJ )DµgJJµa
d
d logµ
Jµa = γ
b
aJ
µ
b
d
d logµ
T µµ = 0 (34)
The last equality follows from the first two with the use of orthogonality property ρˆaIB
I =
0, which means that the trace identity (6) is not renormalized.8
It is worthwhile commenting on the covariance of the anomalous dimension matrix
γIJ under the reparameterization of the coupling constants g˜
J = g˜J(g). Our formula is
not covariant because the derivative appearing in (32) is ordinary derivative rather than
covariant derivative. Of course without further information such as operator product
expansion or trace anomaly, we have no candidate of the metric and hence connection
at a generic point along the renormalization group flow. The consistency of the local
renormalization group does not necessarily require that the anomalous dimensions defined
here must transform covariantly under the reparameterization. One important point we
should check however is that at the conformal fixed point where BI = 0, the anomalous
dimension matrix does not depend on the reparameterization of the coupling constants
or renormalization scheme. This holds in our formula.
8When the theory contains relevant operators with dimension d− 2, the trace identity can be renor-
malized.
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We would like to also mention possible mixing of the vector operators and the deriva-
tive of the scalar operators under the renormalization group flow when relevant operators
exist. The mixing is generated by the additional contribution to the local renormalization
group operator with dimension close to d− 2:
∆σ,M = −
∫
ddx
√
g
(
σ(2− γij(M))M j +
1
2(d− 1)σRη
i + σδiI(D
2gI) + σǫiIJ(D
µgIDµg
J)
+2∂µσ(θ
i
ID
µgI) + (D2σ)τ i
) δ
δM i
)
.
(35)
By studying the local Callan-Symanzik equation, even in the background DµgI = 0, there
is a further renormalization of the operators by
d
d logµ
OI = γ
J
I OJ + δ
i
ID
2O
(M)
i
d
d logµ
Jaµ = γ
a
b J
a
µ + 2θ
i
I(T
aI
Jg
J)DµO
(M)
i
d
d logµ
T µµ = η
i
✷O
(M)
i . (36)
However, one may use the ambiguity in the renormalization group so that we may make
some of the mixing vanish. Such ambiguity was called Class 2 ambiguity (scheme am-
biguity) of the local renormalization group in [5].9 In addition, for these equations to
be consistent with the trace identity, the coefficients satisfy the integrability conditions
which may be found in [1][2][5] that we will not use in this paper.
Class 2 ambiguity of the local renormalization group was induced by the variation
δ∆σ = [D,∆σ] , (37)
where D is any local functional differential operator. For our purpose, we consider the
mixing between R, D2gI and Dµg
IDµgJ given by
D =
∫
ddx
√
g
(
1
2(d− 1)Rh
i + (D2gI)diI + (Dµg
IDµgJ)eiIJ
)
δ
δM i
. (38)
9Let us again recapitulate the classification. Class 1 ambiguity is the compensated gauge ambiguity
discussed above. Class 2 ambiguity is the ambiguity of the generalized reparameterization of the source
function in Schwinger functional. Class 3 ambiguity is the ambiguity of the local counterterms.
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Under this scheme change associated with the field redefinition, we obtain
δηi = (BI∂Ih
i − γij(M)hj)
δτ i = −hi + diIBI
δθiI =
d− 2
2
diI +
(
∂IB
J +
1
2
(ρˆIg)
J
)
diJ + e
i
IJB
J
δδiI = (L˜B,ρˆ − γ(M))diI
δǫiIJ = (L˜B ρˆ − γ(M))eiIJ + (∂I∂JBK + (∂(I(ρˆJ))g)K)diK + 2diK(ρˆ(I)KJ) , (39)
where L˜B,ρˆXI = LBXI + (ρˆaIT aJLgL)XJ and so on for higher tensors with LB being the
Lie derivative for vector BI . By using the freedom associated with diI , we can always
choose θiI = 0 in order to remove the mixing of the vector operators with the derivative
of scalar operators. In our discussions, we always implicitly assume θiI = 0. Some-
times it is convenient to choose τ i = 0 by adjusting hi so that the energy-momentum
tensor becomes traceless when BI = 0. However, this choice does not guarantee that
the energy-momentum tensor is not renormalized. For the non-renormalization of the
energy-momentum tensor, we should require ηi = 0 which may or may not be possible.
The conditions so far obtained do not immediately lead to (iv) the gradient property,
so it still remains a conjecture. Within the power-counting renormalization scheme, the
most general candidate for the potential functional, which must be invariant under the
compensated gauge transformation, is
Svector[aµ; g
I ] =
∫
ddx
√
gGIJDµg
IDµgJ . (40)
In order for the vector beta functions to be given by the generalized gradient flow that
we propose:
Baµ = ρˆ
a
IDµg
I = Habgµν
δSvector[aµ; g
I ]
δabν
, (41)
they must satisfy
ρˆaIDµg
I = HabGIJhbc(T
cI
Kg
K)Dµg
J . (42)
We note this is a non-trivial constraint, and it is not invariant under the gauge transfor-
mation (25) introduced above. To check the equality (42) from the explicit computation
of the vector beta functions at higher order, it is important to use the gauge invariant Baµ
function.
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Finally, let us discuss (v) the non-renormalization property. If one accepts the gradi-
ent formula realized in the power-counting renormalization scheme and the compensated
gauge invariance as the violation of the conservation law, one can convince that when a
current is conserved, then there exists a corresponding zero direction in the vector beta
functions because certain combinations of (42) must vanish.
Conversely, if we assume that the matrix Hab and GIJ are non-degenerate and do
not contain any zero eigenvalues then when the vector beta function vanishes there ex-
ists a gauge transformation that does not act on gI . Therefore there should exist the
corresponding vector operators that are conserved.
When the theory is unitary and conformal invariant, it is well-known that the anoma-
lous dimension for the vector operator is zero if and only if it is conserved from the
representation theory of the conformal algebra [13]. This fact is completely in agreement
with our claim. Our proposal can be regarded as a generalization beyond the conformal
fixed point.
On the other hand, one immediate consequence of this non-renormalization of the
vector operator is that scale invariance should imply conformal invariance. Assuming there
is no mixing of the energy-momentum tensor to the other lower dimension operators under
renormalization, the energy-momentum tensor must possess no anomalous dimension.
The trace identity demands that the virial current Jµ in T
µ
µ = ∂
µJµ is not renormalized.
However, the claim here is that without anomalous dimension, Jµ must be conserved and
then the trace of the energy-momentum tensor actually vanishes.
Historically, the relation between scale invariance and conformal invariance was studied
from the viewpoint of the scalar beta functions under the renormalization group flow with
respect to BI functions. We may argue (e.g. by the gradient property) that the scale
invariant fixed point, all of the scalar beta functions BI must vanish, and the theory
at the fixed point must be conformal invariant [1]. In a certain sense, the argument
here is based on the complementary viewpoint from the vector beta functions. Recently,
we have accumulated non-perturbative evidence for the conformal invariance at almost
every (probably all under some assumptions) unitary scale invariant fixed points in d = 4
[14][15][16][17][18], and it would be interesting to see if the non-renormalization properties
we proposed here can be shown along the similar line of reasoning.
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3 Checks
In this section we check our proposals on the properties of vector beta functions in con-
formal perturbation theories and holography. We also note that the computation of the
vector beta functions for supersymmetric field theories have been reported in [19][14][20][2]
to all orders in perturbation theories, and we can explicitly see that they satisfy our pro-
posals.
3.1 Conformal perturbation theory
We can compute the vector beta functions explicitly within conformal perturbation the-
ories. We begin with the operator product expansion
OI(x)OJ(y) =
δIJ
(x− y)2d +
CIJK
(x− y)dOK(y) +
CaIJ(x− y)µ
(x− y)d+2 J
µ
a (y) + · · · , (43)
where the operator product expansion coefficient CIJK is totally symmetric and CaIJ =
−CaJI = habT bIJ is proportional to a certain representation matrix T aIJ of the flavor symme-
try group (denoted by G before) generated by Jµa at the conformal fixed point we expand
around.10 Indeed, the first order in conformal perturbation theory [21][7], the conservation
of Jµa is broken by
DµJ
µ
a = CaIJgJOI . (44)
At the second order in conformal perturbation theory, the vector beta functions can
be computed as [7][5]11
ρˆaI = CaIJgJ = habT bIJgJ , (45)
We would like to check the various properties proposed in the last section.
First of all, the gauge invariance follows naturally to the order we compute. Indeed, we
could have used a different gauge by subtracting artificially more (up to total derivative)
in the divergence that appears in the operator product expansions
0 = δSeff = log µ
(∫
ddx
√
g
(
gIwaIDµJ
µ
a
))− log µ
(∫
ddx
√
g
(
gIwaIg
KCaLKOL
))
, (46)
10In this section, we raise and lower indices freely with respect to δIJ and δab from the normalization
at the conformal fixed point.
11We suppress the numerical coefficients that depend on the space-time dimensionality d that come
from the sphere integral by appropriately normalizing the coupling constants.
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which leads to the gauge transformation
δβaµ = w
a
IDµg
I
δβI = gJwaJCaIKgK . (47)
In this way, the conformal perturbation theories with redundant operators can be am-
biguous [7].
However, typically there is no natural candidate for the gauge transformation param-
eter (e.g. wIa in this above leading order example) constructed out of g
I and the invariant
tensor of the Lie algebra g alone without further assuming the structure of the coupling
constant space. This is a typical reason that at lower order in perturbation theories, we
do not usually have to make clear distinctions between βI , βaµ and B
I , Baµ .
To understand the orthogonality, we first realize that the scalar beta functions com-
puted in the second order conformal perturbation theory satisfy the gradient property:
BI =
∂C
∂gI
C =
CIJK
3
gIgJgK . (48)
Up to the additive constant, we can identify C with aˆ(g) mentioned at the beginning of
section 2. To the order we compute, the metric χIJ in (10) is taken to be trivial. Here, a
crucial observation is that C is invariant under the group action generated by T aIJ since
CIJK is a symmetric invariant tensor which maps RI⊗RJ⊗RK to C. This directly means
that the orthogonality condition must hold
ρˆaIB
I = habT
b
IJg
JCIKLgKgL
= habT
b
IJg
J ∂C
∂gI
= 0 . (49)
One may compute the anomalous dimensions by using the formula in the last section
and the data obtained from the conformal perturbation theories. First of all, one may
compute the anomalous dimension of the scalar operators γJI as
−γJI = ∂IBJ + (habρˆaJT bIKgK) = 2CIJKgK +O(g2) . (50)
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As we discussed, there is an extra contribution that gives the mixing to the vector operator
when the coupling constant is space-time dependent as
d
d logµ
OI = γ
J
I OJ − habT bJIDµgJJaµ . (51)
In a similar manner, we can compute the anomalous dimension for the vector operator
−γab = hacT cIJgJhbdT dILgL . (52)
This is essentially Higgs-effect for the background field aaµ, which absorbs the gauge di-
rections in the coupling constant space.
The gradient property can be verified by constructing the generating functional ex-
plicitly
S[aµ; g] =
∫
ddx
√
gDµg
IDµgI (53)
with Dµg
I = ∂µg
I + aaµhabT
b
IJg
J . It is easy to see that the vector beta function is indeed
gradient with respect to S[aµ; g].
Baµ = δ
abgµν
δS[aµ; g]
δabµ
. (54)
Finally, we derive the non-renormalization property. When ρˆaI vanishes, the formula
(45) means that the action of the symmetry group on gI vanishes. Alternatively we recall
that (45) is nothing but the one that appears in the right hand side of the conserva-
tion equation. Therefore, whenever ρˆaI vanishes the corresponding current must vanish.
The converse is also true: when the current is conserved, the corresponding vector beta
function vanishes from (45).
3.2 Holography
One of the basic assumptions of the holography is to identify the gravity partition func-
tion (Gubser-Klebanov-Polyakov-Witten partition function) with the Schwinger source
functional of the dual field theory. In holography, the vector beta functions can be in-
terpreted as the radial evolution of the vector fields AaM in the bulk d + 1 dimensional
space-time. The structure of the holographic dictionary is better understood when the
vector operators in corresponding field theory are conserved. The conserved currents are
dual to gauge fields in the bulk. When the gauge symmetry is not spontaneously broken
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in the bulk, they describe massless vector fields, explaining that the conserved current
does not obtain the anomalous dimensions. At the leading order in derivative expansions,
the kinetic term is given by the Yang-Mills action.12
We claim that the spontaneously broken gauge fields in the bulk describe the vector
beta functions in the weakly coupled gravity dual.13 The appearance of the spontaneously
broken gauge fields in the bulk may be natural by studying their equations of motion in
the bulk
DMF aMN = J aN (55)
in the AdSd+1 background
ds2 = g
(d+1)
MN dx
MdxN = dr2 + e2Arηµνdx
µdxν . (56)
Here J aN is the matter current charged under the gauge fields AaM with the field strength
F aMN . Working in A
a
r = 0 gauge (more on the gauge choice later), and keeping the slowest
fluctuation in xµ directions (having power-counting renormalization scheme in mind), the
equations of motion become
∂2rA
a
µ − (d− 2)A∂rAaµ = J aµ . (57)
Note that, for instance, when the matter action is given by the non-linear sigma model
with a potential
Smatter =
∫
dd+1x
√
g(d+1)
(
GIJ(Φ)DMΦ
IDMΦJ + V (Φ)
)
, (58)
the current J aµ here is explicitly given by
J aµ =
δSmatter
δAaµ
= GIJ(Φ)T aIKΦ
KDµΦ
J , (59)
where GIJ(Φ) is gauge invariant metric of the target space.14 When the gauge group is
non-Abelian, there are additional contributions from the non-linearity of the gauge kinetic
12In d = 2, the Chern-Simons interaction can be the leading term.
13A similar idea to study the renormalization group properties of external electric field in the context
of holographic realization of condensed matter physics was persued in [22][23]. They also found that
what we call the vector beta function is related to the bulk matter current in holography. By restricting
a particular form of the source vector fields, they also studied the full back-reaction on the metric, which
we will not discuss.
14The other equation from Aar variation is the analogue of Gauss-law, and it is interpreted as the
consistency condition of the operator identification under the renormalization group flow.
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terms, but we will neglect them with the same reason we have discarded the higher xµ
derivatives from the power-counting argument in the dual field theory side.
In order to connect the second order differential equations to the first order renormal-
ization group equation, we may use the Hamilton-Jacobi method with suitable boundary
conditions [24][25][26][27]. Alternatively, for our perturbative purpose, we may use the
singular perturbation theory of the differential equations with the renormalization group
improvement method [28].
The idea is to employ the renormalization group technique proposed in [29] to improve
the perturbative solutions of the differential equations such as (57). We will encounter the
secular terms proportional to r in the naive perturbation theory. To get the better control
in large (negative) r region, we had to sum the leading log contributions. This can be
done by introducing the fictitious cut-off and demand the initial condition depend on the
cut-off but the solution itself is independent of the cut-off. This method of approaching
the singular perturbation theory in the bulk is shown to be equivalent to the improved
perturbation theory of the dual field theory computation.
Practically, if we would like to obtain the leading order perturbative solutions of the
source function Aaµ when the condensation of Φ
I is small near the AdS boundary, we may
neglect the higher derivatives in (57) and solve
− 1
A
∂Aaµ(r)
∂r
=
1
A2(d− 2)J
a
µ (Aµ,Φ
I) , (60)
where ΦI also satisfies the first order renormalization group equation
1
A
∂ΦI
∂r
= BI(Φ) , (61)
which again can be more formally obtained from the Hamilton-Jacobi method or singular
perturbation theory mentioned above. In particular, near the massless limit of the non-
linear sigma model without considering the back-reaction to the AdS space-time, the
current source for the vector fields is given by (59) and the source for the scalar fields is
given by
BI =
GIJ∂JV (Φ)
A2d
, (62)
where V (Φ) is gauge invariant (super)potential.15
15With the large (negative) cosmological constant, the superpotential and the potential may be iden-
tified for the domain wall flow that connects two AdS vacua.
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We will interpret the current J aµ (Aµ,Φ) and the gradient of the potential BI(Φ) as
the holographic vector and scalar beta functions from the holographic identification of the
radial coordinate and the renormalization scale Ar ∼ logµ. In the following, we would
like to verify the properties of the vector beta functions discussed in section 2 from the
holographic construction.
Let us begin with (i) the gauge invariance. The compensated gauge invariance of the
d dimensional slice in holography is obviously inherited from the bulk gauge invariance
in d + 1 dimensional space-time. While we have partially fixed the gauge by demanding
Aar = 0, the residual gauge invariance requires that J aµ is a covariant vector under the d-
dimensional gauge transformation which does not change Ar.
16 Indeed, the matter action
for the non-linear sigma model such as (58) and the corresponding current J aµ in (59) is
precisely the form we have studied in the dual field theory (27) by identifying ΦI with
gI which is valid within the weakly coupled holographic scheme of the renormalization
group:
ρˆaI (Φ) =
1
A2(d− 2)GIJ(Φ)T
aJ
KΦ
K . (63)
Let us now perform the r dependent gauge transformation with the gauge parameter
Λa(r, xµ). Denoting A−1∂rΛ
a = va, the “beta functions” (i.e. radial evolution of the bulk
fields) are modified as
δβI = vaT aIJΦ
J
δβaµ = Dµv
a = ∂Iv
aDµΦ
I . (64)
This is equivalent to Class 1 ambiguity the of beta functions (15) when va does not ex-
plicitly depend on r. Generically, we may allow an arbitrary dependence on r for va. We
could have considered the compensated gauge transformation that depends on the renor-
malization scale explicitly in the field theory side while it is not standard. Furthermore,
we may interpret Aar as the virial current contribution
δAar = v
a . (65)
This identification was crucial in constructing the holographic models for scale invariant
but non-conformal systems studied in [30][31][32].17 As is clear from the discussion, the
16Similarly, the holographic scalar beta functions transform covariantly as can been seen from (62).
17If the AdS background with Aar = const and Φ
I = const solved the bulk equations of motion, it
would mean the dual theory is scale invariant, but not conformal invariant.
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covariant derivative in the radial direction corresponds to the scheme independent BI
functions, while the ordinary derivative in the radial direction corresponds to the scheme
dependent βI functions.
Having established the compensated gauge invariance, the orthogonality can be un-
derstood as the gauge invariance of the (super)potential function:
0 = δaΦI∂IV (Φ) = T
aI
KΦ
K∂IV (Φ) . (66)
From the explicit form of the holographic scalar beta functions (62), and the vector beta
functions (63), we can infer
ρˆaIB
I = 0 (67)
from the gauge invariance of the (super)potential and the fact that the same GIJ ap-
pears both in BI and ρˆaI . More abstractly, the orthogonality was a consequence of the
consistency of the renormalization group operator ∆σ. In the holographic side, one may
state it as a consequence of the consistency of the radial Hamiltonian evolution. This is
guaranteed by the matter equations of motion and the gauge invariance of the action.
The computation of the anomalous dimension matrix in holography is precisely related
the Higgs mechanism in the bulk. The vacuum expectation value of ΦI we have assumed
to spontaneously break the conservation of the current induces the mass for the gauge
field Aµ in the bulk. From the explicit formula (60) and (63), we see that the anomalous
dimension for Aµ can be computed by the leading radial evolution, and
−γab =
1
A2(d− 2)GIJ(Φ)T
aI
KΦ
KT bJLΦ
L (68)
as expected from the field theory Callan-Symanzik equation (33). Again, this result is
equivalent to the holographic renormalizability of the Gubser-Klebanov-Polyakov-Witten
partition function.
The gradient property is a direct consequence of the definition of the current operator
in the bulk. By identifying ΦI with gI and Aaµ with a
a
µ, the gauged kinetic term of the
bulk scalar field ΦI in the “radial Lagrangian” is
L =
1
A2(d− 2)
∫
ddx
√
gGIJDµΦ
IDµΦJ (69)
and it serves as the potential functional of the vector beta function
Baµ = gµν
δL
δAaν
. (70)
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It is interesting to observe that the potential function for the scalar beta function is
essentially given by the (super)potential of the bulk scalar action while the potential
functional for the vector beta function is its kinetic term.
Finally we discuss the non-renormalization property. From the Higgs-mechanism dis-
cussed above, we can see that whenever the gauge invariance is broken in the bulk by
the Higgs-mechanism, the gauge field acquires the anomalous dimension as long as the
kinetic terms for the scalars are not degenerate. The degenerate kinetic terms indicate
the breakdown of the null energy-condition, which leads to the violation of unitarity or
causality. On the other hand, the zero anomalous dimension requires the massless gauge
field in the bulk, which means that there exists the corresponding conserved current in
the dual field theories from the necessity of gauge symmetry for the massless fields from
unitarity. Note that the unitarity seems crucial. One may find counter-examples once we
discard the null energy-condition [30][31][32] or the full space-time diffeomorphism [33] of
the bulk theory.
4 Discussions
In this paper, we have proposed various properties of vector beta functions that govern the
renormalization of vector operators in relativistic field theories. Many of the proposed
properties can be obtained by demanding the consistency of the local renormalization
group within the power-counting renormalization scheme. We have seen that the existence
of such non-trivial properties seem very natural in holographic renormalization group and
probably they are also necessary for the consistency of the bulk theories with unitarity and
causality. Indeed some of the properties are tightly connected with the d+1 dimensional
gauge invariance and the null energy condition.
For the scalar beta functions, one important observation that follows from the gradient
property is the so-called “c-theorem” that claims there exists a monotonically decreasing
function along the renormalization group flow. The weak version of the c-theorem that
compares the values at conformal fixed points have been proven to be true in even dimen-
sions [11][12] beyond the power-counting renormalization under some technical assump-
tions such as unitarity. Physical intuition behind is that we lose information along the
renormalization group flow by course graining, so some sorts of “entropy” must decrease.
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However, this intuitive argument does not explain why in non-unitary or non-relativistic
field theories, cyclic renormalization group flow seems possible.
A natural question we should ask is if there is a generalization when the “coupling
constants” are space-time dependent and the vector sources are non-zero. Naively, one
may try to simply forget the contributions from the vector source and define the local “c-
function” out of space-time dependent coupling constant. It is true that the so-constructed
local “c-function”, at least within the power-counting renormalization scheme, generates
the gradient flow for the scalar beta functions, but since local renormalization group flow
should contain the information of the vector source, it is not satisfactory.18
We could imagine that the potential functional Svector[aµ, g
I ] for the vector beta func-
tions may play a similar role to the potential function aˆ(gI) for the scalar beta func-
tions, showing the generalized monotonicity. Assuming Hab is positive definite, it may
work in the Euclidean signature. However, since Baµ can be in either time-direction or
space-directions, the overall signature can easily change by itself. Nevertheless, one may
still expect that if we add the contributions from the scalar beta functions Sscalar[g
I ] =∫
ddx
√
gaˆ(gI), then the full master functional Smaster[aµ, g
I ] = Svector[aµ, g
I ] + Sscalar[g
I ]
may show a better behavior under the combined renormalization group flow with respect
gI(x) and aµ(x). In the holographic dual, it is this combined matter Lagrangian that can
show the local positivity from the null energy condition.
We may still wonder how to interpret the variation of Smaster[aµ, g
I] with respect to
gI . We have understood that the contribution from the “potential term” generates the
scalar beta functions. The contribution from the “kinetic term”, however, gives the second
order kinetic energy of gI which cannot appear in the scalar beta functions in the power-
counting renormalization. Technically speaking, this is one point that our formulation
does not agree with the holographic formulation proposed in [4], where the gradient
properties are assumed for the master functional Smaster[aµ, g
I ] including every tensor
operators. What seems to happen in holography in Hamiltonian-Jacobi formulation is
that the second derivative terms are removed by the boundary condition. Since it is
not obvious how to relate the second derivatives of source functional to the lower order
18From the local Callan-Symanzik equation, we see that one cannot trade the derivative with respect
to the local renormalization scale only with the derivatives with respect to the local coupling constants.
It needs the additional contributions from the change of the vector source.
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derivatives by using “equations of motion of the source”, the role of the master functional
remains open without holography.19
Apart from holography, one interesting theoretical application of vector beta func-
tions is the various domain walls in quantum field theories. So-called duality walls or
renormalization group walls [34] introduce the space-time dependent coupling constant
which smoothly or possibly discontinuously varies at or near the wall. Most of domain
walls so-far studied in the literature have coupling constants that are not charged under
the (partially broken) symmetry of the theory, but one can imagine that in most gen-
erality, they should induce the renormalization of the vector sources through the vector
beta functions. It should be very important to understand the general structure of the
renormalization of the domain walls based on the properties proposed in this paper.
Another interesting application would be the new renormalization group fixed point
associated with the space-time dependent coupling constant advocated in [35]. They did
not study the induced vector operators that may appear once the scalar coupling constants
are space-time dependent. One remark is that their action of dilatation is slightly different
from ours because they fix the origin of the space-time and act the dilatation directly on
coordinate xµ rather than coordinate difference dxµ employed here. Regardless of this
remark, it would be important to understand the effects of the vector beta functions
there to understand the nature of these new fixed points.
Finally, we conclude by mentioning that there are at least 72 vector beta functions
that should be computed in the standard model of our universe.
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